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Abstract

The behavior of the dipole moment of a three-level atom interacting

with cavity fields of arbitrary detunings is investigated. The time

evolution and squeezing conditions of the components and correlation

function of the dipole moment are calculated for three cases: one-mode

field and a E-type atom initially in the upper state, two-mode field and a

A-type atom initially in the upper state, and two-mode field and a A-type

atom initially in one of the lower states. A number of interesting features

are found and discussed.

1987 PACS numbers: 32.80-t 42.50-p 42.50.Dv



I. Introduction

Ic is now well known that an atomic system driven by one or two modes

of a cavity field exhibits many remarkable phenomena such as the collapse

i-5 6 7-14

and revival of Rabi oscillations , antibunching , squeezing and so

forth. The collapse and revival phenomenon has recently been observed for

15
the first time with Rydberg atoms in a supercondudcting cavity 1 . The

interaction between light and matter can also bring about a kind of purely

quantum mechanical set of states known as squeezed states, which have

16-30
attracted a great deal of interest in recent years . A number of

nonlinear optical systems can generate squeezed states. Theoretical

interest has been mainly in minimum uncertainties of the squeezed

16-20
light and the first experimental observation of such squeezed states

has been realized21 with four-wave mixing in sodium atoms. A subsequent

experiment 22 has reported the observation of stronger squeezing in the

down-conversion parametric process. Since the squeezed light has greatly

enhanced signal-to-noise ratios, it has high potential of applications in

27 20,28
optical communication , detection of gravitational waves , laser

29
spectroscopy and many other possibilities.

We are more interested in the squeezing phenomenon in the interaction -For

of an atom with the cavity field. The field squeezing in a two-level PI

7
Jaynes-Cummings (J-C) model- was found to be about 19% at most. In the case n-

of a three-level E -type atom interacting with one-mode cavity field, the
on/ C]

maximum squeezing was found to be about 31%. For a four-level cascade lity Codes
aind/or

12 ua
atom in the one-mode J-C model, 36% maximum squeezing has been predicted

I AI
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As a matter of fact, when multiphoton processes are considered , the

maximum squeezing can be as high as 57%.

We investigate, in this paper, the time evolution as well as the

squeezing in the interaction between a three-level atom and one- or two-mode

cavity fields. The evolution of an atomic dipole moment in a two-level J-C

31-33
model has been studied by different authors . They have discovered that

the quantum mechanical nature of the interaction is reflected through the

behavior of the atomic dipole moment. Thus we expect that atomic dipole

moments should have squeezing.

The squeezing of an operator is in general defined in the following

manner. When two arbitrary operators A and B of the same physical dimension

obey the commutation relation [A,B] - C, they satisfy the uncertainty

relation AA AB > I<C>I. Squeezing occurs whenever one of the observables

satisfies the relation

(AA)2 < h I<C>f (la)

(AB)2 < I<C>I. (lb)

The plan of this paper is as follows. We first review briefly in

Sec. II the theory of a generalized J-C model in which a three-level atom

interacts with cavity fields of arbitrary detunings. The mean values of the

component and correlation operators of the atomic dipole moment are

calculated in Sec. III along with the squeezing conditions. Results of our

numerical computation are presented and discussed in Sec. IV, and finally we

make a few concluding remarks in Sec. V.



II. Theory

The general formalism of a three-level atom interacting with cavity

fields is given in detail in Ref. 4 (hereafter referred to as I). Here we

merely outline what is essential for our present discussion of the evolution

and squeezing of the atomic dipole moment. We consider two atomic elvel

configurations, namely the E-type and A-type as shown in Fig. I For the

initial states, the atom may start in either [a> or jb> while the field is

assumed to be in the coherent state.

The Hamiltonian is, in the interaction picture,

H - X(H 0 + H 1) "(2)

where, for the one-mode E-type case,

H - A tA  + a a (3)0 q-a3bc q

iA t iA 2t
H 1  1 Ae a Aa + A2e a At A + h.c. (4)

A1 - -(a - b +  Wa) '  2 - C -w +

and for the two mode A-type case,

H - wa~~ wA tA + Z a ta (5)
0 qa ?7t7P7q i.'l,2 'i'ii

H - Le1 a At A+ e 2 ta A A + h.c. (6)
1 a 2 2 a c

1 1 a + ' 2 2 a c
The operators in the Hamiltonian are defined as follows: At creates an atom

'7

in the state lq>, at creates a photon, Ai are the usual coupling constants

and A. are the detuning parameters.

As has been shown in I, the Schr6dinger eqution can be solved by the

state vector



10(t)> - Z Q(n) [A(n+l,t)la,n+l > + B(n,t)Ib,n>

n

+ C(n+2,t) Ic,n+2>I (7a)

tor the one-mode E-type case with the atom initially in Ib>, or

10(t)> - Z Ql(n1 )Q2 (n2 )[A(n 1 -ln 2,t)la,n -l n2>nln 2

+ B(n1 ,n2 ,t)jb,n1 ,n2> + C(n1-l,n2+l,t)lc,n 1 -l,n2+l> (7b)

for the two-mode A-type with the atom initially in lb>, or

10(t)> - Z Ql(nl)Q 2 (n2 )[A(n 1 ,n2 ,t)Ia,nl,n2>nn2

+ B(n1+l,n2 ,t)Ib,nI+l;n 2> + C(n1 ,n2+l,t)lc,nl,n2+l1>] (7c)

for the two-mode A-type case with the atom initially in Ia>. The

corresponding initial conditions are for the one-mode case,

1 (0)> - InC>- In> .ZQ(n)ln>, (8a)

and for the two-mode case,

10(0)> - In. l, 2> - 1'7>n'n Ql(n1 ) Q2(n2)inln 2 >. (8b)

where n is the photon number and n. is the photon number referring to the

mode i. The probability amplitudes in' (7) are

iA2 t 3 ipit
A - -e iEI U. ie (9a)

V."I i (& -al ' 2 )t  3  2 i i t

B - e iEl Ui(Pi A a2 i -V) 2 e (9b)

C - V2 E1 Uie. (9c)

where

2 x2) cos$ (lOa)

1 3 1 3 1 2x)co...~
2 " + x +2 3x2 COS( + W) (10b)

.... . . 3-- 1 3i~ , 1 2I 3 I



/X " l 2 - 3x 2 ) cos(O + r) 10c)

1 3Cos"I " )3/2x3 (ld)

2(xI - 3x,)

and

X A 1 - 2A 2 " (a)

x [V2 + V2 lb)
2  1  2 + A (!'A 2 )] (

9

'3 ( 2  1 (c)

The probability amplitudes for the one- and two-mode cases take the same

expressions as (9) and depend on the photon number in different modes

through the coupling strength parameters VI and V . The explicit forms of

these parameters are listed in Table 1 of I for various cases.

The atomic level occupation probabilities can be found directly from

(7) and (9). They are

P (t) - E p(n) IA(n+lt) i  (12a)a n

Pb(t) - En p(n) IB(n,t)l 2  (12b)

PC(t) - En p(n) IC(n,t)1 2  (12c)

for the one-mode s-type case with initial atomic state Ib>,

Pa(t) - n p(nl ,n2)IA(n1 -I , n2,t)
2  (13a)

1 2
P b(t) - nZ np(n n2 )IB(nl, n 2 1 t)j (13b)

Pc(t) - nEn p(n1 ,n2)IC(n.l-l , n2+l,t)1 
2  (13c)

c~ 12

for the two-mode A-type case with initial atomic state Ib>, and



P (t) - p(n,n )IA(n n t)1 2  (14a)
a n 1n 2  2/ 112'

Pb(t) - Z p(n r.,)IB(n 1 , n t)1 2  (14b)

P (t) - Z p(n,n,)IC(n, n + l,t)1 2  (14c)
CnI fln 2  L 1

for the two-mode A-t:;pe case with initial atomic state ja>, where

P(n) - IQ(n)I 2and p(n,,n 2) - IQ 1(n 1)12 Q2 (n 2)I are the initial photon

distributions for the one and two-mode cases, respectively. In the present

work, we assume the field.to be in the coherent state initially. Therefore

Q(n) - a - en/2 (15a)

P~) ne s/n! (15b)

Q ne , i-1,2 (15c)

I- - -- 2)
P(n,n) n n1 e /n In I (15d)

where lal 2 _ nand ja ii 2 _-n.

III. The atomic dipole moment and saueezing effects

To investigate the time evoluti.on as well as the squeezing of the

atomic dipole moment, we restrict our discussions to the envelope of the

mean value of dipole moment component and correlation operators. Thus it is

understood from now on that, similar to Refs. 31-33, we actually refer to

their envelopes when we calculate the component operators

ab A>be iW b t -St (16a)
Sb - A)bl



- t

Sa- IA><cle - a (16b)

and the correlation operator

ip c t
S - S S - jb-cSe St (16c)
bc ba ac cb*

The dispersive parts of these operators are defined as

dI 1

ab 2 (Sab+ Sba) (17a)

d I 2 (S - S 1.7b)
acac ac

Il 1 (S S
db " 2 S (17c)

and the absorptive parts are

d I -S ba (18a)ab 2i ab ba

dII - (S S (18b)
ac, 2i ac ca

2i (SI - S (18c)
%C-2i (bc cb~

These operators satisf"; the commutation relations

[d I  dI 1 -i ( 1a
ab' ab 2i aa

I II 1

[d, d ac1 - i (S Saa) (19b)

[b - (S- Sbb' (19c)

where S - ja><aj, Sbb - b><bI and S - c><cl are the occupationaa bbcc

operators for the three atomic levels, respectively. Hence, according to

(1), squeezing occurs whenever any of the following conditions are

satisfied,

(Adb )2 < . '<Sbb S >1 (20a)
ab 4 aa



(d ) < <S -S >1 (20b)
ac '4 cc aa

(Ad )2 < 4 J<5c - S,>, (20c)

where the s,'mbol stands for the superscript I or II.

To simplify the expressions, we introduce the notation

ab - ab ~'b a 2 a

D"c- (Ad ) 2/IP ac c (21b)

b~c - dbc b (21c)

By noting the atomic level occupation probabilities P F7- <S T77>,

0- a,b,c), the conditions (20) then reduce to

DE D D' <~ (22)ab 'ac b b - 4

It is now not difficult to find from the above relations that

D - (1-P )-(ReKS >) 2 1/ p P (23a)ab [4 c ab abi

D i- I 1-P)( S> 2 1/ P j (23b)

Db [: (1-P )-(IRn<S >) 21/IF PI 2c

D i- .1 (1-Pb)-(Iw<S >) 2 1/ P j (23d)ac 4 bac a c

DbI - I 1P)-(Re<Sb>) 2 VP I(23e)

Db"i - [I (1-P )-(Ih< bc>) 2/1 PI(23f)

IV. Results and Discussions

We study the component and correlation operators of the atomic dipole

moment for three different cases: the one-mode ----ype with the atom in Ib>



initiallv, the two-mode ',-type with the atom in Ia> initially and the t.o-

mode A-type with initial atomic state Ib>. The initial photon state is

assumed to be the coherent state (15) for all the cases. The mean values of

these operators are given by

<Sab> - Tr(IV(t)><(t)ja><b!) (24a)

<S > - Tr(O(t')#><O(t)ja><cI) (24b)ac

<S bc> - Tr(jO(t)x@O(t)jb><cj) ,  (24c)

where we have made use of the density matrix p(t) - jif(t)><(t)j. Explicit

calculations are made separately for each of these cases in the following.

Throughout the numerical work, we have assumed the same coupling constants

A -2 - A for the two modes, and employed the units A and 1/A for energy

and time, respectively.

A. One-mode E-type with initial atomic state Ib>

We first look up from Table 1 of I for this particular case the

coefficients found in Eq. (9),

U I - V 1/p1 2p1 3  (25a)

L2 - V 2/j21"23  (25b)

U 3 - V/" 3 1" 3 2  (25c)

2 A2 (n+l), V2  A2 (n+2), and j- &i-M Substituting (25) in1hr V 1 - I  V2 " 2 i"

(7a) and making use of (8)--(11), we find

<Sab> - EnQ(n) Q*(n-l) A*(n) B(n)

- n En --p(n) A*(n) B(n) (26a)

<S a> n-3/2 z .n n p(n) A*(n) C(n) (26b)
ac n



<S bc> - n n (n-) p(n) B*(n) C(n), (26c)

where we have assumed the initial photon distribution to be coherent as

given by (15). The time dependence of the probability amplitudes A, B and C

is understood although it is not explicitly marked.

The real and imaginary parts of the quantities in (26) are numerically

computed and plotted as functions of time in Figs. 2 and 3 for different

choices of detuning parameters. It is observed from these figures that the

time dependence appears like Rabi oscillation with oscillatory changing

amplitudes. Compared to the collapse and revival of the atomic level

occupation probabilities presented in I, we find that <Sab>' <Sac> and

<Sbc> are still oscillating during the time when the occupation

probabilities are collapsed. This indicates that the relative phase between

the pair of states between which the atom makes transitions keeps changing,

and at the same time the atomic transitions are in dynamical equilibrium.

In general, <S ab >, <S ac> and <S b> are superpositions of oscillations

with high and low frequencies, and the phenomenon of quantum collapse and

revival appears mainly in the high frequency component. This is clearly

depicted in Fig. 3 especially for <S b > . A similar situation occurs also

for different detuning parameters at two-photon resonance. Furthermore, we

see from Fig. 3 that the amplitudes of <S ab> and <S > are very smallac

compared to that of <Sbc> which is associated with two-photon processes.

This may be called quasi-coherent trapping phenomenon 3 and is easily

understandable if we note that the detunings are far from one-photon

resonances even though they satisfy two-photon resonance.

. . .......... . . . . . - .-.,.-,,m ,m mm l l l I II Ii



We now turn our attention to squeezing phenomena by computing the

quantities in (23). It is interesting to find that any of these six

components can be made to show squeezing by suitably choosing the parameters

n, L1 and A We also discover after analyzing our results that the

squeezing of DI I is more remarkable than the others. Some of the results
ab

calculated from (23b) are presented in Figs. 4 and 5 in which a horizontal

line at 1/4 is drawn as a reference. Whenever the curve crosses below this

line the quantity is squeezed. DI calculated for the same conditions are

ab

also shown in Fig. 4 for comparison. In all the cases, we observe that the

atom enters the squeezed state right after the interaction takes place, and

the squeezing increases with time until it reaches the maximum depth. With

weak excitation, the atom is found in the squeezed state only once. This is

7-13
completely different from the field squeezing in the J-C model 1

. It is

IIdeed
also clear from these curves that the maximum squeezing depth of Dab depends

mainly upon the atomic transition ib>--Ia>. When the field is at resonance

with this transition, its squeezing deepens. When A1 and A2 have opposite

signs and are far away from resonance conditions, the squeezing weakens.

Our numerical study shows no indication of strong influence of the two-

photon resonance.

We also plot in Fig. 5 the maximum squeezing depth as well as the time

at which the maximum squeezing appears as a function of the initial

excitation intensity n. The maximum squeezing increases with n and

gradually saturates. At the same time, it shows that for larger n the

Ii
maximum squeezing occurs earlier. When n > 1000, D I - 0.1 and the maximum-- ' ab



squeezing -60%. This is a larger squeezing than reported in the

7-13
iterature

B. Two-mode A-type with the atom initially in ]a>

The coefficients for this case are found from Table I of I to be

UI + A 12 (27a)UI - 12"13

12+ A12 (27b)U2  " 21"23

/.3+ A12

U3 - 3 ,12 (27c)
A31"32

where

VI2 A 12 (nl+ 1), V2 A2 (n2+ 1). Following the same procedures

outlined above, we find

<Sab> - n n Z i A*(ni n2) B(n1 ,n2) p(n1 ,n2) (28a)
1 2

<S ac> - n nZn 2 2 A*(n1 ,n2) C(nln 2 ) p(nln 2) (28b)

1' 2<Sb > - (nI n2 Z nnB*(nI ,n ) ~ n)p(nl,n) (28c)
c 12 n 1 n2 1 2 n2) C n2) 2

Again, the real and imaginary parts of (28) are separately computed and

plotted in Figs. 6 and 7. Rabi oscillations still show quantum collapse and

revival phenomena, but the behavior is quite different from the one-mode

case. Sbc vibrates with almost zero amplitude, whether or not the two-

photon resonance condition is satisfied. This implies that two-photon

processes are negligible in this case, in agreement with the conclusions of



Ref. 2. Furthermore, we find no sign of squeezing in our numerical study

for this case.

C. Two-mode A-type with initial atomic state Ib>

The U's for this case are the same as 25) according to Table I of I,

but the V's are given by V1 2 X2n and 2 2 (n2 + i1). The equations forbutth Vs re ivn y 1  1 In V2 2 2 "

the operator mean values can be obtained in the same fashion as (26). Thus

<Sab> - nl Z (n + 1)' A*(nln2 ) B(niln2) p(nl,n2 (29a)
ab I -I ,1 2 11222

<S > n f Z n2 (nl+ I1)' A*(n n) C(nI n ) p(nl,n2) (29b)ac 1 2 n , n2  2 2 2

<Sbc> - An1/n 2 nZ n n+1 ) B* (n,,n2) C(nl,n 2 ) p(nl,n2). (29c)
12 1

Numerical results for these equations are presented in Figs. 8-10. Here we

discover that <Sab> is a typical example for the superposition of high- and

low-frequency oscillations. This becomes particularly clear when the field

resonance is at resonance with the transition lb>-ja>, as can be seen in

Fig. 9. As a matter of fact, similar phenomena exist in the above case as

is shown in Fig. 6. For given nl and n2, the oscillation frequency of <S ab>

is largely determined by L1. In fact, it is found to increase with

increasing A1,1. In addition, we also note that the large amplitude in Fig.

10(f) reflects the dominant effect of two-photon process as in the case of

Fig. 3.

In our study of the squeezing in this case, we discover that the atom

can be put in the squeezed state at certain time by suitably choosing the



paamtrsn n'AI andAC Takin agi II
parameters n, n2, 1 ing again Dab as examples, we plot part

of the results in Fig. 11, which appear quite different from the one-mode

case. As time increases, the atom can oscillate between squeezed and non-

squeezed states when the excitation is not strong. From Figs. ll(a)-(c), we

see how the squeezing depth changes by varying detunings. A comparison of

11(b) and 11(f) indicates that A2 - 0 is more favorable for squeezing.

Hence stronger squeezing may be expected by strengthening the coupling

between the two transitions. On the other hand, the choice of the

excitation intensity ni is-of great importance as can be seen by comparing

(b), (d), (e), (g) and (h) in Fig. 11.

From the above analyses we note that the squeezing in the two-mode case

is in general not as strong as in the one-mode case. When A1 is

sufficiently large the atom is found to jump between squeezed and coherent

states for quite some time. Fig. 11(c) illustrates such a typical case. As

a final remark, we note that the two curves may intersect or even coincide

with the horizontal line at the same time as in Fig. 11(c), (d), (g) and

(h). When this is the case, the condition of minimum uncertainties is

satisfied, namely

Ad I AdII -1/4J<S -S >i. (30)ab ab bb aa

V. Conclusion

On the basis of a numerical study, we have analyzed the evolution and

squeezing of the dipole moment of a three-level atom interacting with one-

or two-mode cavity fields with arbitrary detunings. Only part of the large

amount is presented here. The Rabi oscillations show collapse and revival



with qualitatively different behavior from those of the atomic level

occupation probabilities. For the three cases we have considered, the two-

mode A-type case with initial atomic state in Ia> does not show any

squeezing effect. For the other two cases, we have found that the dipole

moment squeezing depends upon one-photon processes while the correlation

function squeezing is related to two-photon processes. When the one-mode

field couples with two atomic transitions, stronger coupling leads to deeper

squeezing. A maximum squeezing of about 60% can be reached according to our

calculation.

As we know, there exists a simple relation between the squeezing of the

dipole moment and the field squeezing in the case of resonance

fluorescence 24  In the present case, however, we can not find such a simple

relation between the field squeezing and the atomic squeezing. The

quantized electric field in a lossless cavity is no longer related to the

dipole lowering operator in a simple manner. We try to analyze the

situation in what follows by considering the one-mode Er-type atom. The

total dipole moment operator of the atom is

D -Sba + S ac (31)

The dispersive and absorptive parts are

dI- 4 (D + Dt ) (32a)

d II _ I (D - Dt)  (32b)

2

respectively, and their corresponding variances are

(AdI)2 1 (l+Pa + 2Re<Sb>) (Re<Sab> + Re<S >) , (33a)

(ad"I) 2 - (l+Pa -2Re<S'c>) (Im<Sa> + Im<S >) 2 (33b)

4 a bc Ib IaciI



Similar to (21) and (22), it can be shown that the condition for squeezing

is

<- (Ad. 2  1 (34){P b- P c 4

The variances of one-mode cavity field quardratures are

(adl)2 _ 1 [l+7<n>'+ 2Re<a2> -4 (Re<a>)2 (35a)

2 4

(Ad2)2 - [l+2<n> + 2Re<a 2> -4 (Im<a>) 2. (35b)

For easier comparison,' we plot in Fig. 12, the squeezing of the dipole

moment as a function of time, and the variances of the field fluctuation are

plotted in Fig. 13. Evidently, the squeezing of these quantities do not

occur at the same time. The two parts of the atomic dipole moment show

squeezing alternatively, while in the case of field only d1 shows squeezing.

When the two-photon resonance condition is satisfied, it is observed from

Fig. 13(b) that the field remains squeezed for longer time with larger

detunings. The atomic squeezing, however, does not seem to change much with

increasing detunings as can be seen in Fig. 12(b). When one- and two-photon

resonance conditions are both satisfied, the field squeezing is more

remarkable than the atom as is shown in Figs. 12(a) and 13(a). When the

detunings are far from resonance conditions as in Figs. 12(c) and 13(c), on

the contrary, the atom shows more remarkable squeezing almost immediately

after its interaction with the field takes place, while the field squeezing

shows up only somewhat later.
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Figure Captions

1. Energy level configurations of a three-level atom. (a) E-type and (b)

A- type.

2. Time evolution of components and correlation function of the atomic

dipole moment for the one-mode E-type case with the initial atomic

state Ib>. The parameters are n - 30, A1 - 5 and A2 - -5.

3. Same as Fig. 2 except A - A2 - 50.

4. Squeezing development'bf DI (dashed line) and DII (solid line) for•ab ab

n - 30, A1 - 5 and (a) A2- -10, (b) A2- -5, (c) A2- 0, (d) A2- 5,

(e) a2- 20.

5. Dependence of maximum squeezing upon the excitation intensity. The

solid line represents the minimum DII  and the dashed line representsab'

the time at which the maximum squeezing occurs.

6. Time evolution of components and correlation function of the dipole

moment for the two-mode A-type case with the initial atomic state ja>.

The parameters are n"- n2l 10, A1- 0 and A2- 5.

7. Same as in Fig. 6 except A1 - 5.

8. Time evolution of components and correlation function of the dipole

moment for the two-mode A-type case with the initial atomic state Ib>.

The parameters are nl n2- 10, &1- -10 and A2 - 5.

9. Same as in Fig. 8 except.A 1 - 0.

10. Same as in Fig. 8 except A1 - a2 - 50.



11. Development of squeezing for the two-mode A-type case with the initial

I II
atomic state Ib>. D ab(solid line) and Dab (dashed line) are plotted

versus time. The parameters are (a) n1- n2- 10, a1- 8, A2- 0,

(b) n - n2- 10, A - 10, A 2- 0, (c) n - n - 10, A 1- 20, A 2- 0,

(d)n n -6, n 2- 0, A - 0, A 2 - 0, (e) n 15, 12- 10, A - 10, A2- 0,

(f) n I- n2- 10, A1- 10, A2- 4, (g) n - 10, n 2 15, A - 10, A 2- 0,

(h) nI- n2- 15, A10, A2 - 0.

12. Atomic dipole moment squeezing parameter as a function of time. Solid

line represents D and dashed line represents D . The mean photon

number n - 20 and the detuning parameters are (a) 1I - A 2 - 0,

(b) A1 - a2 - 20, (c) A1- 20, a2 - -20.

13. The variance of the field one-mode cavity as a function of time.

Solid line represents (Ad1 )2 and dashed line represents (Ad2)2. The

mean photon number n - 20 and the detuning parameters are

(a) A - A 2- 0, (b) A - A2 - 20, (c) A1 - 20, A2 20.

1 2 1 2 1 A2 - -20.
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